INCIDENCE HILBERT SCHEMES AND INFINITE 
DIMENSIONAL LIE ALGEBRAS 

WEI-PING LI 1 AND ZHENBO QIN 2 

Abstract. Let S be a smooth projective surface. Using correspondences, we 
construct an infinite dimensional Lie algebra that acts on the direct sum 

+00 

Hs = H*(S [m ' m+1] ) 

m=0 

of the cohomology groups of the incidence Hilbert schemes S<- m > m+1 >. The algebra 
is related to an extension of an infinite dimensional Hcisenberg algebra. The 
space H5 is a highest weight representation of this algebra. Our result provides 
a representation-theoretic interpretation of Cheah's generating function of Bctti 
numbers of the incidence Hilbert schemes. As a consequence, an additive basis 
of #*(sK™+i]) i s obtained. 



1. Introduction 

Let S be a smooth projective surface. The Hilbert scheme of n points on S 
parametrizes all the 0- dimensional closed subschemes of S with length n. It is a 
crepant resolution of the n-fold symmetric product S^ n >. The generating function 
of the Betti numbers of has an elegant closed formula due to Gottsche |Gotl| : 



+00 /An \ +00 4 ^ 1 ^ (-1)%(S) 

e £(-i)M^vW"=nn 

n=0 \ i=0 / ra=l i=0 



where fcj(-) denotes the z-th Betti number. There is a representation theoretic 
interpretation discovered by Grojnowski |Groj and Nakajima |JNalj independently. 
It says that the infinite dimensional vector space 

+00 

M s = 0F(S [nl ) 

n=0 

is the Fock space of an infinite dimensional Heisenberg algebra. The algebra is con- 
structed geometrically via correspondences. This result not only shows a beautiful 
symmetry for the Hilbert schemes , but also provides the right platform for the 
intensive research on the cohomology ring of (e.g. see |[22 IHot2l ILeEnl ITST! 



|LQ W lj [TQW2| [TqW3l |LQ W4| [rqW5j rCT^Tl rCTK?2l RTR [qWTl [qW2j IV^j ^ . 
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These Hilbert schemes play special roles in the recent study of interplay be- 
tween Donaldson-Thomas theory and Gromov-Witten theory |MNOPl| IMNOP21 
IOP| KLQ[ EQ . When S is embedded in a smooth projective threefold X, the 



moduli spaces for the relative Donaldson-Thomas theory of the pair (X, S) admit 
natural morphisms to the Hilbert schemes S^. In some cases K1.Q EQ|, the 
moduli spaces for the (ordinary) Donaldson-Thomas theory admit morphisms to 
the Hilbert schemes as well. It is natural to speculate whether certain interest- 
ing Lie algebra, perhaps somehow related to the previously-mentioned Heisenberg 
algebra of the Hilbert schemes, acts on the cohomologies of these moduli spaces of 
the (ordinary and relative) Donaldson-Thomas theory. 

We are making preliminary progress in this direction [LQ2 . It turns out that 



the incidence Hilbert schemes S , ' n ' n+1 ' are part of the ingredient in our work, where 

S [n,n+l] = | £ c £/} c S [n] x S [n+1] _ 

These incidence Hilbert schemes S^ n ' n+1 ~^ are smooth. The generating function of 
their Betti numbers has a closed formula due to Cheah |Ch2j : 




%(S [n ' n+1] ), 



,1=0 / " n=l i=0 



The infinite product in (jl.lj) hints that there should be a Heisenberg algebra action, 
similar to the case of the Hilbert schemes S^- n \ on the space 



M s = H* (S [n ' n+1] ) . 

n=0 

The two other factors in the formula suggest that a larger Lie algebra be 

needed for which the space M.g is a highest weight module. 

In this paper, we show that such an infinite dimensional Lie algebra exists, whose 
character formula agrees with (|l.ljh and that the space H5 is the highest weight 
representation of this Lie algebra. In the following, we outline the basic ingredients 
in the construction of this Lie algebra and its representation on M.g. 

For m > and n > 0, we define certain closed subset Q\ m+n ' m \ of 

^f[m+n,m+n+l] ^ g ^ g[m,m+l] 

For a G H*(S), we define the operator a_ n (o;) G End (His) by 

~a- n (a)(A) = vu{[Q [m+nM \ ■ P*« • 
for A G if"*(5'[ m ' m+1 l), where pi,p,p2 are the projections of 

g[m+n,m+n+X] ^ 5* x Cf[ m > mJ <~^\ 
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to s^ m+n ' m+n+1 \ S, S^ m ' m+1 ^ respectively. Define o„(a) G End(H 5 ) to be (-l) n 
times the operator obtained from the definition of a_ n (a) by switching the roles of 
pi and p2- We define do (a) = for every a G H*(S). 

The first result is that the operators o n (a), n G Z, a G H*(S) satisfy the following 
Heisenberg algebra commutation relation: 

[&„(«), o fc (/3)] = -n <y„,_fc / (a/3) • Idg 

This explains the appearance of the infinite product in the formula (jl.ljl . 

The two other factors in (jl.lj) correspond to two new features of the space Hg. 
The first feature comes from an if *(,S)-module structure of Hg. We observe that 
sending a pair (£,£') G 5 , ["' n+1 ' to the support of I^/Ip yields a morphism: 

p n : S [n ' n+1] -> 5. 

It follows that Jf*^"'"* 1 !) and hence H 5 are ff*(S')-modules. It turns out that 

the operator o n (a) : Ms — > H5 is an if*(5')-module homomorphism for all n. This 
explains the appearance of the first factor in the formula 1)1.1)1 . 

The second feature is the existence of a new operator t G End(Hs), called 
translation operator. It is constructed via a correspondence of Q n which is a 
closed subset of S [n+1 ' n+2] x S [n ' n+1] . It maps the component H*(S [n ' n+1] ) to the 
component H*(S^- n+1 ' n+2 ^), and is commutative with the Heisenberg algebra, i.e., 

ft, ~a n {a)} = 

for all n and a. In addition, t is an if*(S')-module homomorphism. The translation 
operator t is responsible for the second factor in 1)1.1)1 . 

Now we can construct the Lie algebra fys and state our main theorem. Let i)s 
be the Heisenberg algebra generated by the operators On (a), n G Z, a G H*{S) 
and the identity operator Idg . Define a Lie algebra structure on 

Sis = hs®H*(S)(BCt 
compatible with the Lie algebra structure on (j^ and the cup product on H*(S). 

Theorem 1.1. The space H5 is a representation of the Lie algebra Sjs with a 
highest weight vector being the vacuum vector 

|0) = l s e H°(S) = H°(S m ) 

where Is denotes the fundamental cohomology class of S. 

The organization of the paper is as follows. In £0 we review the Heisenberg 
algebra action on the Fock space Hg for the Hilbert schemes and some basics of 
the incidence Hilbert schemes S , ' n,n+1 ^ . In ^21 we construct the Heisenberg operators 
o n (a) on Hg and verify the Heisenberg commutation relation. We also compare 
On (a) with the pullback of the Heisenberg operator a n (a) on H5 via the morphism 
/ n from S^ n,n+1 ^ to S^ n \ In we define the translation operator t, and show that it 
commutes with the Heisenberg operators and is an if*(S')-module homomorphism. 
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We also compare a n (a) with the pullback of a n (a) via the morphism g n+ \ from 

S [n,n+1] tQ S [n+1]_ It tums 

out that the understanding of the pullback of the creation 
operators via g n +i needs the translation operator. In £0 we prove Theorem 11.11 

Conventions. Unless otherwise indicated, all the cohomology groups in this paper 
are in C-coefficients. For a continuous map p : Y\ —>■ Y 2 between two smooth 
compact manifolds and for a>i G H*(Yi), we define p*(cti) to be PD _1 p*(PD(ai)) 
where PD stands for the Poincare duality. The ~ is used for all the notations related 
to the incidence Hilbert schemes S , ' n ' n+1 l When a product X\ x X 2 X . . . X n is clear 
from the context, we use iTi v ..i k to denote the projection from X\ x X 2 x . . . X n to 
the product of the zi-th, . . . , « fc -th factors. 

Acknowledgments. The first author would like to thank the Department of 
Mathematics at the University of Missouri for the Miller Scholarship which made 
his visit there in February of 2006 possible and MSRI at Berkeley for its support. 
We thank Weiqiang Wang for valuable suggestions. 

2. Basics on Hilbert schemes of points on surfaces 

2.1. Hilbert schemes of points on surfaces. Let S be a complex smooth 
projective surface, and be the Hilbert scheme of points in S. An element 
in is represented by a length-n 0-dimensional closed subscheme £ of S. For 
£ G S^ n \ let be the corresponding sheaf of ideals. It is well known that 
is smooth. Sending an element in to its support in the symmetric product 
Sym n (5'), we obtain the Hilbert-Chow morphism Tc n : — > Sym n (S'), which is a 
resolution of singularities. We have the universal codimension-2 subscheme: 

Z n = {(£, s) C S [n] xS\se Supp(0} C S [n] x S. (2.1) 

Let H*(S^) be the total cohomology of with C-coefficients. Put 

e s = 0ir(s [n] ). (2.2) 

n=0 

For m > and n > 0, let Q[ m ' m l = and define Q\ m + n M to be the closed subset: 

{(£, s,rj) G S [m+n] xSx S [m] | £ D r] and Supp(/„// e ) = {s}}. 

We recall Nakajima's definition of the Heisenberg operators |JNaHlNa2] . Let n > 0. 
The linear operator a_ n (a) G End(H S ') with a G H*(S) is defined by 

a- n (a)(A) = Pu ([Q^ +n ^} -p*a-p* 2 A) (2.3) 

for A G H*(S^), where pi,p,P2 are the projections of 5 , [ m +™] x S x to 
S lm+n]^ s ^ s [m] resp ectively. Define a n (a) G End(H 5 ) to be (-l) n times the op- 
erator obtained from the definition of a_„(o;) by switching the roles of p\ and p 2 . 
We often refer to a- n (a) (resp. a n (a)) as the creation (resp. annihilation) operator. 
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We also set &o(a) = 0. A non-degenerate super-symmetric bilinear form (— , — ) on 
Ms is induced from the standard one on H*(S^) defined by 

(A, B) = [ AB, A,B E H*(S [n] ). 
Jsm 

This allows us to define the adjoint f' G End(H5) for f G End(HIs). Then, 

a n (a) = (-1)" ■ a_ n (a)t, (2.4) 
(fofl)t = fl t ft. (2.5) 

It was proved in |Nal| INa2] that the operators a n (a),n G Z, a G H*(S) satisfy 
the following Heisenberg algebra commutation relation: 

[a n {a), a fc (/3)] = -n 5 n ._ fe / (a(3) ■ Id Hs . (2.6) 

Js 

Moreover, the space Ms is an irreducible module over the Heisenberg algebra gen- 
erated by the operators a n (a) with a highest weight vector 

|0) = 1 G H°(S [0] ) C. 

It follows that M.s is linearly spanned by all the Heisenberg monomial classes: 

ci-mM ■■ • a_ nfe (cK fc )|0> (2.7) 

where k > 0, n%, . . . , > 0, and a>i, . . . , ctk run over a linear basis of H*(S). We 
remark that the Lie brackets in ()2.6j) are understood in the super sense according 
to the parity of the degrees of the cohomology classes involved. 

2.2. Incidence Hilbert schemes. Define the incidence variety: 

S [n,n+1] = | £ c £'} c S M x S [n+1]_ ( 2 .8) 

It is well-known (see |Chl[ IESJ that the incidence Hilbert scheme S^ n ' n+1 ^ is irre- 
ducible, smooth and of dimension 2{n + 1), and that S^ n ' n+1 ^ is also the blowup of 
x S along the universal codimension-2 subscheme Z n . 
Besides the Hilbert scheme for a surface S, the incidence Hilbert scheme 
g[n,n+i] £ or a sur f ace 5* j s jj^Q only class of (generalized or nested) Hilbert schemes 
of points on smooth varieties of dimension bigger than one which are smooth for 
all n (see |Chlj ). Inspired by the results on the Hilbert schemes S^ n \ it is natural 
to consider the sum of the total cohomology group of S^- n ' n+1 ^ over all n > 0: 

+oo 

H 5 = Q)H*(S [n > n+1] ). (2.9) 

n=0 

The space Ms has richer structures than Ms- For instance, Ms is an H*(S)- 
module. The module structure is induced by the morphism: 

p n : S [n ' n+1] -> S (2.10) 

sending a pair (f,0 G S [n ' n+1] to the support of 
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The following facts on punctual Hilbert schemes are useful for later sections. Fix 
a point s e S. For m > and n > 0, we define two closed subsets: 

M m (s) = tieSW\Su W (0 = {s}}, (2.11) 
M m , m+ri (s) = {(a')|(C('}c^)xM m+n ( S ). (2.12) 

It is known that M m rrt+1 (s) and M m+1 (s) are irreducible with 

dimM mjm+1 (s) = dim M m+1 (s) = m. (2.13) 

3. Heisenberg algebra actions for incidence Hilbert schemes 

3.1. General remarks about correspondences. Given two smooth projective 
varieties Xi and X 2 and a closed subset Z of Xi x X 2 , we can define a map [Z]*, 
called the correspondence of Z, from H*(X 2 ) to H*(X 1 ) via 

Z,(i4)=pi»([Z]-p5(i4)) 

for A G H*(X 2 ), where is the projection from Xl x X 2 to its i-th factor. Given 
another closed subset Y C X 2 x X 3 , the composition 

[Zl.o^],://*^)^//*^) 

is given by the correspondence of (7r 13 ) ;)I (7r^ 2 [Z] fl 7r| 3 [y]). Note that we have used 
the notations established in the Conventions. 

In this paper, we will exhibit a collection of correspondences for the incidence 
Hilbert schemes whose induced operators form a Lie algebra. From the paragraph 
above, we see that to check the commutation relations, we need to study 

This subset may not be irreducible, and the intersection iii 2 (Z) r\7i 2 ^(Y) may not 
be transversal. However, in most of the cases, 

n u \Z)nn 2 i(Y) 

has only one or two components with the expected dimensions, while other com- 
ponents have smaller dimensions and thus will not contribute to the induced map 
on cohomologies. In addition, either the transversal property is satisfied, or the 
multiplicities can be computed. Therefore, most of our work is to calculate the 
dimensions of various stratum. Also, instead of doing the computations for all the 
cases, we will only present the most exemplary ones in full detail while lay out 
what the remaining cases are with details skipped. 

Even though a large percentage of our work is on the computation of dimensions 
of various subsets, one should not be mislead to believe that this is the key. It is 
free to construct the correspondence map between the cohomologies of X and Y 
for any closed subset of X x Y. However, very few collections of correspondences 
provide meaningful operators on cohomologies. To make things worse, there is no 
guiding principle for choosing the "right" ones in most situations. In fact, the 
Heisenberg operators to be studied below were found with hints from our study 
of another type of moduli spaces for Donaldson-Thomas invariants. Once the 
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"right" correspondences are found, the checking of the commutation relations will 
be relatively straight forward, although it may be very lengthy. 

3.2. Definition of the Heisenberg operators. For m > and n > 0, let 

Q[m,m] = 

and define Ql m + n M to be the following closed subset of S^ m+n ' m+n+1 ^ x5x5' m ' m+1 ': 
Q[m + n M = ^ V ,Z'D rj f , Supp(V/j) = {s}, 

Supp(I € /I € #) = Supp(V/^)}. 
The dimension of the subset Qi m+n M is given by the following Lemma. 
Lemma 3.1. For m > and n > 0, dimQ[ m+n ' m ] = 2m + n + 3. 

Proof. Take an element ((£,£')>«> (W)) in Q [m+n,m] . Let 

{t} = Supp(V/ 5 ,) = Supp^/I^) 
for some it 6 5. First of all, assume that s ^ t. Then t] can be decomposed as 

V = Vo + Vs + Vt 

where r] s G Mj(s) for some z > 0, n t G Mj(t) for some j > 0, 770 G S^ 7 ™^', and 
s,t G" Supp(r] ). Then, 7/, £ and £' can be written as 

v' = Vo + Vs + Vt, € = rio + ts + Vt, €' = Vo + €s + Vt, 
(r] t , rf t ) G M jtj+1 (t), (rj s , G M i4+n {s). 
When i = j = 0, we conclude from (|2.13j) that the number of moduli of these 
triples ((£,£')> s > (W)) e Q [m+n ' m] is equal to 

# (moduli of 770) + # (moduli of £ s ) + # (moduli of t) 
= 2m + (n - 1) + 4 

= 2m + n + 3. (3.1) 

In general, when i > 1 or j > 1, we see from (J2.13)) again that the number of 
moduli of these triples ((£,£')> s, (77, r/)) G Q[ m+n H is at most 

^(moduli of ?7 ) + ^(moduli of + ^(moduli of r] t C r^) + ^(moduli of £ s ) 
= 2(m - i - j) + max(z - 1, 0) + j + (i + n - 1) + 4 

< 2m + n + 3. (3.2) 
Next, let s = t. This time we decompose the 0-cycle rj into 

V = Vo + Vs 

where r] s G Mj(s) for some i > 0, 770 G and s G" Supp(r? )- Then, 

v' = Vo + v' s , € = Vo + ts, £' = Vo + C> 

,i+n+l 
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So the number of moduli of these triples ((£, £'), s, (77, r/')) G Q[ m + n > m ] is at most 

^(moduli of ?7o) + #(moduli of i] s C 7^) + ^(moduli of £ s C ^) 
= 2(m-i) +i + [i + n) + 2 

< 2m + n + 3. (3.3) 
Combining (jSHJ), (J32J) and (Q, we get dimQ[ m+n ' m ] = 2m + n + 3. □ 
Now we introduce the operators on Ms induced by the correspondence of Q\- m+n M . 

Definition 3.2. (i) Let a G H*(S). Define 00(a) = in End (§5). 

(ii) Let n > and a G H*(S). Define o_ n (a) G End(H s ) by 

cL„(a)(I) = ]M[Q [m+n ' m] ] ■~ P *oc-plA) (3.4) 
for A G H*(S^ m ' m+1 ^, where pi, p, p 2 are the projections of S^ m+n ' m+n+1 ^ x S x 

5 [m,m+l] tQ 5 [m+n,m+n+l] ;5 ^[ m ,m+l] respective l y . 

(iii) Define a n (a) G End (Els') to be (— l) n times the operator obtained from the 
definition of cL„(a) by switching the roles of pi and p 2 . 

A non-degenerate super-symmetric bilinear form (— , — ) on ELj is induced from 
the standard one on 

H *( S [n,n+i]} defined by 



(A,B)=[ AB, A,B G H*(S [n ' n+1] ] 



This allows us to define the adjoint f G EndfH^) for f G End (Els'). Then, 

On(a) = (-1)" • o_ n (a)L (3.5) 

Define |a| = £ if a G H e (S). Let n ^ 0. By ()3.4j) and Lemma l3.1[ we see that 
a_ n (a) has bi-degree (n, 2n — 2 + \a\), i.e., 

5 (a) ' H r ^5'[ m ' m + 1 ]^ > jjr+2n— 2+\a\ /ct[m+n,m+n+i\\ 

3.3. #*(S)-linearity. Recall from EH that H 5 is an #*(S)-module. 
Lemma 3.3. The map a- n (a) : H5 — > H5 zs an H*(S)-module homomorphism. 

Proof. We will only prove the Lemma for n > since the proof for n < is similar. 

Let n > 0, /3 G H*(S), and 1 G (S [m ' m+1] ) . We need to show that 

0_ n (a)(/4/3 " ^) = (-1)' Q|I/31 /CW " &-„(«)(!) (3.6) 
where the morphism p* m is defined in fl2.10|) . By definition, 

~a- n (a)(p* m P ■ A) = Pu{[Q [m+n ' m ^-p*a-pl{p^-A)) 

= (-1)1-11/31 p u ({Q [m+n > m] ] ■ p* 2 p* m (3 ■ p*a ■ p* 2 A) 
= (-l)W p 1# ( n ((p m o p 2 o r)*/3) • p*a ■ p* 2 A) 
where r : Q[™+™H 5 [m+n,m+n+i] x s x 5 Mi] is t he inclusion map. 
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From the proof of Lemma l3.1| we see that for ((£,£')> s, (77,77')) ^ Ql m + n M^ 
Supp(J^// e ) = Supp(I ?7 /^) = {s}. 
Therefore, p m o p 2 o r = p m+n o p 1 o t. Hence, we obtain 

= (-1) HI/31 p* m+n i3-Pu([Q [m+n ' m] ]--p*a-ptA) 
by the projection formula. It follows immediately that ()3.6|) holds. □ 

3.4. Comparisons with Heisenberg operators on Hg. There are two natural 
morphisms from 5 , [ m - m + 1 ] to and S^ m+1 ^ respectively: 

g[m,m+l] 9m+l gt[ m +l] 



I /m 



Since there are Heisenberg operators a_ n (a;) on H5, it is natural to ask whether 
the following diagram is commutative or not: 

H* (S[™\\ a ~" (a) > H*(S [m+n] ) 

Lemma 3.4. The diagram \3. 7\ ) is commutative . 

This Lemma not only relates different Heisenberg operators on different spaces, 
but also is used in the proof of Proposition 13.51 to determine a constant. 

Proof. Again, we will only prove the Lemma for n > 0. 

Let n > and A e H*(S^). By Q and (Q, we obtain 

r m+n a- n (a)(A) = f* m+n Pu([Q lm+n ' m] ]-p*a- P ;A), (3.8) 
~a^{a)r m {A) = Pu([Q [m+nM ]-p*a-p;f^(A)). (3.9) 
Let g = Id S [m+n,m+n+i] xS x f m and h = f m +n x Id 5x5 [m]: 

g ' Cj[ni+n,m+n+l] ^ g ^ £jf[m,m+l] ^ c<[m+n,m+n+l] x CJ* x Cj[ m ] 

. g[m+n,m+n+l] x g x _^ c<[m+n] x g x 

and let # : S [m+n ' m+n+1] x S x S [m] -> 5[™+">™+™+i] be the first projection. By 
(|3.8j) and base change, we conclude that 

r m+n a. n {a){A) = {p^hWQ^^.p^a-plA) 

= (p[)*(h*[Q^ +n ri)-{pohya-{p 2 oh)*A). (3.10) 
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Similarly, using (|3.9|h p~\ = p\ o g, and the projection formula, we obtain 

~a- n (a)f m (A) = (P' 1 U,{[Q [m+nM ]-g*{(pohya-(p 2 ohyA)[ 

= {P\)*{gAQ [m+nM ]-{p°hya-{p 2 ohyA). (3.11) 

Next, we compare the two cycles h*[Q^ m+n ' m ^} and g*[Q [m+n < m] }. Note that both 
h -i(Q[m+n,m\) anc i g (Ql m + n M) are equa i to the subset 

W := {((e.O.MjlD V and Supp(V^) = {s}} 
of Sl m+n > m+n+1 } x S x SH A typical element (f , s, 77) G Q\- m + n M is of the form: 

(si + . . . + s m + f s , s, Si + . . . + s m ) 
where s\, . . . , s m , s G 5 are distinct, and £ s G M n (s). Hence, 

h*[Q [m+n ' m] ] = [W\. (3.12) 
On the other hand, a typical element ((£, £'), s, (17, r/)) G Q[ m + n ' m ] is of the form: 

( (£0 + 6, £0 + + 6) , a, (f , £0 + s m+ i) ) 
where si, . . . , s m+ i, s G S are distinct, £0 = si + • • • + s m , and £ s G M„(s). Hence, 

^[g[m+n,m]] = (3^3) 

The combinations of (|3.1U|) . (|3.11|) . (|3.12|) and (|3.13|) prove the Lemma. □ 

We remark that in §4.4[ another comparison of the Heisenberg operators a- n (a) 
and a_ n (a) by using the pullbacks g^+i wm be presented. 

3.5. Heisenberg commutation relation. The proof of the following Proposi- 
tion is a bit long. It is divided into many cases. If one understands one case, one 
should be able to follow the proof of remaining cases easily. 

Proposition 3.5. The operators a n (a),n G Z, a G H*(S) satisfy the following 
Heisenberg algebra commutation relation: 



[fin (a), a k ((3)] = -n 5 n - k J (a/3) • Idg g . (3.14) 

Proof. In view of (|3.5|h formula ()3.14|) is equivalent to the formulas: 

[a_ n (a),cU(/3)] = 0, (3.15) 

[fi_ n (a),fi fe (/3)] = n 5 n , fe / (a/3) • Idg (3.16) 



where n, > 0. We will prove these two formulas separately. 
Proof of $3$): 



Let n, A; > 0. Then the operator a_ n (a)a_fc(/3) is induced by the class: 

W = 7r 1245 , (tt* 23 [glm+n+fe,m +fe ]] . ^ [g[«H-fc,m]] j £ A 2m+fe+n+4 (W) (3.17) 
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where denotes the Chow group, and W = n^^iW) with 

Note that W is a closed subset of the ambient space 

g[m+n+k,m,+n+k+l] ^ c y ^i[m+A;,m,+A:+l] ^ o y g[m,m+l] 

In the sequel, the ambient spaces in similar situations will not be explicitly pre- 
sented since they can be written out easily from the context. 

From Lemma 13.11 we know that the expected dimension of the intersection W 
should be 2m + n + k + 4. The subset W may have many irreducible components. 
Those that are mapped by 7r 12 45 to subsets of dimension less than 2m + n + k + 4 
will not contribute to the cycle w. The aim of the computations below is to pick 
out those components with dimension no less than the expected dimension. 

Any element ((£, £'), s, (rj, r]'),t, (C, CO) in W must satisfy the conditions: 

C C C', »7 C 77', £ C (Cf|C(, Cci/c 
Supp(V/ ? ) = {s}, Supp(/ c // r ,) = {t}, 
Supp(/ f //fO = Supp(V/^) = Supp(7 ? // e ) = {p} 

for some p £ S. In the following, we consider four different cases separately. We 
use Wi to denote the subset of W consisting of all the points satisfying Case i, put 

Wi = dim 7Ti245(Wj) 

(similar notations such as Z7j, Uj, V$, 0; will be used throughout the rest of the paper). 
Case 1: s,t,p are distinct. We have the following decompositions: 

C = Co + Cs + Q + C P , C = Co + C, + Ct + c 
V = (o + (s + Vt + ( P , rf = Co + C s + Vt + C'p, 
£ = Co + & + ffc + C P , £' = Co + 6 + */t + C p , 

where Supp(Co) n {s,t,p} = 0, £(( s ) = i, £(&) = j, £(( P ) = £, and are 
supported at {s}, {t}, . . . respectively. Then, 

tDi = ^(moduli of Co) + #(moduli of Cs) + #(moduli of ( t ) + 

+ # (moduli of rjt) + # (moduli of £ s ) + # (moduli of C P C Cp) 
= 2(m -i-j-£) + max(z - 1, 0) + 2 + max(j - 1, 0) + 2 + 

+ (j + A; - 1) + (z + n - 1) + £ + 2 
= (2m + A; + n + 4) — z + max(z — 1, 0) — j + max(j — 1, 0) — £. 
Case 1.1: If % — j = £ = 0, then we have tDi = (2m + /c + n + 4). 
Case 1.2: If one of the integers i,j and £ is positive, then tt)i < (2m + k + n + 4) . 

The three remaining cases are listed by: 
Case 2: s = t ^ p; 

Case 3: s = p ^ t (by symmetry, this also covers the case t = p ^ s); 
Case 4: s = p = t. 
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For these three cases, we skip the arguments which are in the same style as in 
Case 1. They all have dimension less than the expected dimension (2m + n + k + 
4). Therefore, only Case 1.1 has contribution to the cohomological operation. In 
this subcase, it is not difficult to show that the intersection ()3.18j) along W\ is 
transversal. Moreover, vri245(W / i) consists of all the points of the form: 

((Co + is + ih, Co + is + Vt + p), s, t, (Co, Co + p)) 
in S [m+n+k,m+n+k+i] x s x S x S^ m ' m+1 l So the contribution of this subcase to 
the operator a_ n (a)a_fc(/3) coincides with the corresponding contribution for the 
operator (— 1)HI/3| • a_fc (/?)&_„ (a). In other words, we obtain the identity: 

a_„(a)a_ fe (/3) = (-l)Mlfl . a_ fe (/3)a_ n (a). 
This completes the proof of the commutation relation ()3.15|) . 

Proof of rrmk 

Let n, k > 0. Then the operator a_ n (af) is induced by the class: 
u = 7T 12 45* (tt^ • vr* 45 [r m , m+fc (Q^M )] j e A 2m+k+n+i (U') (3.19) 

where r m , m+fc : S^ m+k ' m+k+1 ^ x S x S^ m ' m+1 ^ -> S^ m+1 ^ x S x sl m + k > m + k +^ is the 
isomorphism switching 5 , [ m . m + 1 l an d S^ m+k > m+k+1 \ and U' = 711245 (£7) with 

U = Trri {& m+n ^) n {r m , m+k (Q [m+k ' m] )) ■ (3.20) 
Any element ((£, £'), s, (77, r) r ),t, (£, CO) i* 1 ^ must satisfy the conditions 

ccc, ri<zrf, ice, d*?cc, r^^'cc', 

Supp(/,/^) = {s}, Supp(/ r? /J c ) = {t}, 
Supp(/ C // C /) = Supp(V/^) = Supp(/ ? // e ) = {p} 
for some p C S. In the following, we consider four different cases separately. 
Case 1: s,t,p are distinct. We have the following decompositions: 
V = Vo + Vs + Vt + v' = Vo + Vs + Vt + v' P , 

i = Vo + is + Vt + Vp, £' = Vo + is + Vt + v' P , 
( = Vo + Vs + (t + Vp, C = Vo + Vs + Ct + Vp 
where Supp(r?o) H {s,t,p} = 0, £(t) s ) = i, £(r]t) — j, an d £(Vp) — £■ Then, 
Ui = ^(moduli of 770) + ^(moduli of £ s ) + ^(moduli of ( t ) + 

+ ^(moduli of r] s ) + ^(moduli of rjt) + #(moduli of r\ v C v' p ) 
= 2(m - i - j -£) + (i + n - 1) + (j + k - 1) + 

+ max(i -1,0) + max(j - 1, 0) + t + 6 
= (2m + k + n + A) — i + max(i — 1, 0) — j + max(j — 1, 0) — £. 
Case 1.1: If % — j = £ = 0, then we have Ui = (2m + k + n + 4). 
Case l.£: If one of the integers i,j and £ is positive, then Ui < (2m + fc + n + 4). 
The three remaining cases are listed by: 
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Case 2: s = t p; 

Case 3: s = p ^ t (by symmetry, this also covers the case t = p ^ s); 
Case 4: s = p = t. 

In these three cases, all the dimensions are smaller than the expected dimension 
(2m + n + k + 4). So only Case 1.1 contributes to the class u in (|3.19jl . 

Next we consider the operator 0fc(/3)a_ n (a). This is the only case where there are 
two components for V below with the expected dimension. One of the components 
will cancel out with the one from cL_ n (a) and the other is a non-transversal 

intersection which carries a multiplicity . Using Lemma f3 . 41 which compares a n (a) 
with the Heisenberg operators a n (a) on Hg, we determine the multiplicity. 

More precisely, the operator ak(P)a— n (a) is induced by the class: 

_ I „* ( P)\m+k+n,m+n\\~\ * [ p\\m+k+n,m+k]~\ \ / n ni \ 

V = 7T1245* ( 7Tl23 [^m+n,m+k+n{Q l )J ' ^345 |_V J) (<>.21j 

in A 2m +k+n+4(V'), where V = vri 245 (V r ) and U is given by 

Any element ((C,C'), S , (v,V'),t, (CO) i n Q3.22JI must satisfy the conditions: 

ccc', ^cv, ecr, ecr/DC, rc^c, 

Supp(/f//,) = {s}, Supp(/ c // r ,) = {t}, 
Supp(/ ? // C /) = Supp(VJ^) = Supp(/ c // e ) = {p} 
for some p e 5. In the following, we consider four different cases separately. 
Case 1': s,t,p are distinct. We have the following decompositions: 

c = Co + c* + c* + Cp, c = Co + Cs + c* + c;, 

r? = Co + Cs + + C P , ?/ = Co + Cs + Vt + C P , 

e = Co + & + vt + c P , £' = Co + & + */t + c;, 

where Supp(Co) n {s,t,p} = 0, £(£ s ) = i, £(&) = j, and £(Q = 1 Then, 
t?i = #(moduli of Co) + #(moduli of Cs) + #(moduli of Ct) + 

+ ^(moduli of Tj t ) + ^(moduli of Cs) + #(moduli of Cp C ( p ) 
= 2(m — i — j—£) + (i + k — i) + max(j -1,0) + 

+ (j + n - 1) + max(z - 1, 0) + t + 6 
= (2m + k + n + 4) — i + max(i — 1, 0) — j + max(j — 1, 0) — I. 
Case l'.l: If i = j = £ = 0, then we have fci = (2m + /c + n + 4). 
Case f .2: If one of the integers i,j and £ is positive, then t>! < (2m + k + n + 4). 
Case 2': s = t ^ p. We have the following decompositions: 

C = Co + Cs + C P , C = Co + Cs + c;, 

7? = Co + Vs + Cp, rf = Co + % + C P , 
C = Co + Cs + Cp, C = Co + is + Cp, 
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where Supp(Co) H {s,p} = 0, £(£ a ) = i, £(Q = j, and £(( p ) = t. Note that 

k + i = £( Vs ) =n+j. (3.23) 
Case g.l: i = j = £ = 0. By (l3~2HJ) . we have fc = n. Thus, 
2 = 2(m + fc)+4 = 2m + A; + ra + 4. 
Case S'.S: If one of the integers j and £ is positive, then x>2 < (2m + k + n + 4). 
The two remaining cases are listed by: 

Case 3': s = p ^ t (by symmetry, this also covers the case t — p ^ s); 
Case 4': s = p = t. 

In these cases, the dimensions are smaller than (2m + k + n + 4). Therefore these 
two cases have no contributions to the class v in (|3.21|) . 

Finally, note that the contribution of Case 1.1 to the class u in (J3.19)) and the 
contribution of Case l'.l to the class v in (J3.21j) cancel out in the commutation: 

[a_ n (a), (3.24) 

So [a_ n (a), 5jt(/3)] = when n ^ k. This proves ()3.16|) when n ^ k. 

When n = k, Case 2'.1 also contributes to the operator afc(/3)a_ n (a), and hence 
to (|3.24j) . Note from Case 2'.1 that 7ri24s(T4) consists of all the points of the form: 

((Co, Co +P),s,s, (Co, Co +p)) 
in S^ m+n ' m+n+1 ^ x S x S x where s _^ p and p g Supp(Co)- Thus, 



£[* ^g[m + n,m + n + l] ^ — C • / (ft/3) • Idj^* ^[m+n,m+n + l] \ 

for some constant c. Now we conclude from Lemma T3 .41 and ()2.6j) that c = n. This 
completes the proof of the commutation relation (|3.16|) when n = k. □ 

4. A translation operator for incidence Hilbert schemes 

In this section, we will introduce a new operator t on Mg, called the transla- 
tion operator. The operator t is constructed via a correspondence and has many 
nice properties. Indeed, we will show that it is an if*(5')-module homomorphism, 
commutes with the Heisenberg operators, and has a left inverse. These properties 
imply that it is responsible for the second factor in (jl.lj) . 

From Lemma f3 .41 we may tend to infer that the Heisenberg operators a n (a) are 
no different from the pullback of the more well-known Heisenberg operators a n (a). 
This is almost the case when we compare these two types of operators via the map 

f . c[m,m+l\ o[m\ 

However, we will see that when we compare them via the map 

g m+1 : S [m ' m+1] -> S [m+1] , 

they are far from the same. The difference somehow is measured by the new 
translation operator. Once we are presented with the fact that the space H5 is a 
highest weight module of the algebra generated by the operators a n (a), (3 G H*(S) 
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and t, we realize that the naive choice of the pullback of Heisenberg algebras on 
Hilbert schemes either by the map f m or g m +i won't provide the right algebra. In 
this regard, the new algebra we are going to construct is subtler and richer than 
the Heisenberg algebra on the Hilbert scheme S^ m K The fundamental difference 
between these two algebras is the translation operator t. 

4.1. Definition of the translation operator. Let Q m be the closed subset: 

Qm = {((e / ,r),(e,n)isup P (v%) = snpp(%/v)} 

d CJ , [ m +l> m +2] y £ji[m,m+l] 

As in Lemma f3. 11 we can verify that dimQ m = 2m + 3. 
Definition 4.1. Define the linear operator t G End(Hs) by 

t(A)=p u ([Q m )-p* 2 A) (4.1) 
for A G #*(S[ m ' m+1 ]), where p u p 2 are the two projections of S^ m+1 ' m+2 ^ x S^ m ' m+1 l 
The bi-degrees of t and its adjoint v are (1, 2) and (—1, —2) respectively. 

4.2. if*(S')-linearity and the left inverse. Recall that H s is an if*(5')-module. 

Lemma 4.2. (i) The operator (— v) is the left inverse oft; 

(ii) The maps t,V : H5 — * M5 are H*(S) -module homomorphisms. 

Proof. We skip the proof of (ii) since it is similar to the proof of Lemma 13.31 In 
the following, we prove (i). Note that the operator Vt is induced by the class: 

w = 7Ti3* (tt* 2 [r(Q m )] ■ vr*3 [Q m ] ) G A 2m+2 (W') (4.2) 

where r : S^ m+1 ' m+2 ^ x S^ m ' m+ ^ -> S^ m ' m+1 ^ x S^ m+1 ' m+2 ^ is the isomorphism switch- 
ing the two factors, W = 7113 (W), and W is given by 

W = Tt\2 HQrn)) H TT^ (Q w ) . (4.3) 

The expected dimension of the intersection W is 2m + 2. 

Any element ((??,£'), (£',£")> (£>£')) m ^ must satisfy the conditions: 

Supp(J r) //^) = Supp(%// r ) = Supp(^//^) = {p} 
for some p E S. We have the following decompositions: 

£" = £0 + ?7 = Co + ffr, 

where p G" Supp(£o) and = i. Note that ^(t7 p ) = i. Fix the integer i. 

If i > 0, then the projection of the subset of W, consisting of all the elements 
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to 5"[ m ."i+i] x g[m,m+i] ^jj^gngiQn a ^ most equal to: 

#(moduli of £ ) + #(moduli of £ p C £' p ) + #(moduli of r] p ) 
= 2{m-i) +i + (i- 1) + 2 
< (2m + 2). 

So the case i > does not contribute to the class w in (|4.2|) . 

If z = 0, then e; = P, ^ e M 2 (p), and e p = Vp = 0- So 77 = £ = Co- The 
projection of this part of W to 5 , ' m ' m+1 ] x Sl m > m + 1 ] consists of elements of the form: 

{((£o,£o+p),(£o,£o + p))}. 
It follows that w = c[A] for some constant c, where A denotes the diagonal in 

S [m,m+1] x S M1] Hence; we get m = dd HHslm , m+1]) . 

To determine c, note that we can split off the factor £o from our consideration, 
i.e., we can simply consider the case m = 0. Then we have the morphism: 

tt 13 : S x S [1 ' 2] x S x S. 

Fix a point p E S. Since [A] • [{p} x S] = 1, we see from ()4.2|) that 

c = w ■ [{p} x S] 

= ^13* (<2 pKQo)] • 7T 2 * 3 [Q ] ) ' [M X 5] 

= ^ 2 [r(g )]-vr 2 * 3 [go]-[{p}x^ 2 ]xs] 

= [{p} xU p xS}- [{p} x Qq] 
where C/ p = {(p,^)l e M 2 (p)}. It follows that 

c=[^xS]. [Q ] = [^] • 0i* [Qo] = [^] ' MQo)} (4-4) 
where 0i : S^ 1,2 ' x5-> S^ 1 ' 2 ! is the projection. We have 

MQo) = {(s,C)\s e S and £' G M 2 (s)}. 
Recall the natural morphism # 2 : S^ 1 ' 2 ' — > S*^. It is known from [ES that 

[0i(5o)] = i&lM 2 (5)] 
where M 2 (S') = U se sM 2 (s). Hence, we see from (|4.4jl that 

c = [U P \-\gl[M 2 {S)] = \g 2 *[U v ]-[M 2 {S)\ 

= \ MU P )] ■ [M 2 (S)) = \ [M 2 {p)\ ■ [M 2 {S)\ = -1 
where we have used the fact that [M 2 (p)] • [M 2 (5')] = —2 from |ESj . □ 
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4.3. Commutativity with the Heisenberg operators. The translation oper- 
ator t may look similar to the creation operators at the first glimpse. However, we 
now show that it differs from the creation operators in the essential way in that it 
commutes with all the annihilation operators. 

Proposition 4.3. The translation operator t and its adjoint V commute with the 
Heisenberg operators a— n (a) for all n and a, i.e., 

[t,a_ n (a)] = [i\ a_ n (a:)] = 0. 
Proof. Let n > 0. Then Proposition 14.31 is decomposed into two parts: 

[t,a-n(a)] = 0, (4.5) 
ftSn(a)] = 0. (4.6) 
We prove them separately, and will compare the proof with that of Proposition ^. 51 

Proof of (O: 

Let n > 0. This part is similar to the proof of (|3. 15)1 . 
The operator a_ n (a)t is induced by the class: 

W = 7T 124 * (jr* 123 [Qlm+n+l,m+l]^ . ^ [gj j e A 2m+n+A {W) (4.7) 

where W = ni2&{W) and the subset W is defined by 

W = 7rr 2 UQ [m+n+1 ' m+1] ) n ir^(Q m ). (4.8) 

The expect dimension of the intersection W is 2m + n + 4. 

Any element ((77, r/),s, (£',£"), (£,£')) * n ^-Hjl must satisfy the conditions 

Supp(I € 7l„) = {s}, 
Supp(/ r ,// r ,0 = Supp(%// r ) = Supp(/ e /^/) = {p} 

for some p E S. In the following, we consider two cases separately. 

Case 1: s 7^ p. We have the following decompositions: 

*7 = £0 + % + V = £ + Vs + C 

where Supp(£ ) n {s,p} = 0, £(£ s ) = i, and £(£ p ) = j. 

Case 1.1: If % — j = 0, then we have rDi = (2m + n + 4). 

Case 1.2: If z > or j > 0, then we obtain roi < (2m + n + 4). 

Case 2: s = p. We have tt> 2 < (2m + n + 4). 

In summary, only Case 1.1 contributes to the class w. In this subcase, the 
intersection ()4.8|) along W\ is transversal, and 71*1245 (Wi) consists of all the elements: 

((£0 + r] s + p, £ + r] s + s, (f , £0 + p)) 
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in s[m+n+i,m+n+2] x s x s [m,m+i] _ So the contr ib u tion of this subcase to the operator 
o_ n (ot)t coincides with the corresponding contribution for the operator ta_ n (a). 
This completes the proof of the commutation relation (|4.5jl . 

Proof of 

This part looks similar to the proof of (|3.16|) . However, it is fundamentally differ- 
ent. Recall that the subset V in ()3.22|) whose correspondence defines a n (a)a_ n (/3) 
has one more component with the expected dimension than the subset for the op- 
erator &_„(«) On {(3). It doesn't occur here. If there were two components, they 
would come from the operator a n {a)i. So pay a special attention to Case 2 below 
and compare it with Case 2'.1 in the proof of Proposition EUD In order to illustrate 
this subtle difference, we present the full content of the proof. 

Let n > 0. Then the operator a n (a)t is induced by the class: 

u = 7T 124 * (7r 1 * 23 [r m+1 , m+n+ i(g[ m+n+1 ' m+1 ])] ■ vr 3 * 4 [Q m+n ]) e A 2m+n+4 (U') (4.9) 
where U' = vri 24 (L r ) and the subset U is defined by 

U = n u \(r m+1 , m+n+1 (Q^ m+n+1 ^)) n n u l (Q m+n ). (4.10) 
Any element ((77,7/), s, (£',£"), (6; 60) m Q4.1U|) must satisfy the conditions 

r]Cr]', £c£'c£", ?lCf, ri'cf, 
Supp(/ 7? /^/) = {s}, 
Supp(/ r ,// r ,0 = Supp(/ e // e = Supp(V/ € /) = {p} 

for some p G 5*. In the following, we consider two cases separately. 

Case 1: s 7^ p. We have the following decompositions: 

V = £o + Vs + C P , v' = 60 + Vs + Q, 

where Supp(£ ) C = 0, £(r/ s ) = i, and £(f p ) = j. 

Case 1.1: If % — j = 0, then we have Ui = (2m + n + 4). 

Case 1.2: If z > or j > 0, then we obtain 

Ui < ^(moduli of £ ) + #(moduli of £ s ) + ^(moduli of + 
+ # (moduli of Q + # (moduli of g C 
= 2(m — i — j) + (i + n — 1) + max(z — 1,0) + 

+max(j - 1,0) + (j + 1) +4 
< (2m + n + 4). 

Case 2: s = p. We have the following decompositions: 

£=£o+6, ^'=e +e:, r=e +c 

V = €o + Vs, v' = to + v' s , 
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where s Supp(£ ) and £(r] s ) = i. In this case, we see that 

U2 < #(moduli of £ ) + #(moduli of £ s C ^) + ^(moduli of T] s C r]' s ) 

< 2(m + 1 - i) + (i + n - 1) + % + 2 

< (2m + n + 4). 

In summary, only Case 1.1 contributes to the class u. The contribution of this 
subcase to the operator a n (a)l coincides with that of the operator ta n (a). This 
completes the proof of the commutation relation (|4.6|) . □ 

4.4. Another comparison with Heisenberg operators on Sl m+1 '. This sub- 
section is not related to the Theorem in §5J The main theme here is to compare the 
Heisenberg operators o n (a) with the pull-back of the Heisenberg operators a n (a) 
via the morphism g m+1 : S^ m ' m+1 ^ -> S^ m+1 l 

The comparison of annihilation operators is similar to Lemma f3. 41 The proof of 
the following lemma is omitted since it is similar to the proof of Lemma 13.41 

Lemma 4.4. Let n > and a e H*(S). Then, we have a commutative diagram: 

9m+l 9m+n+l 

Lemma 14.41 will not hold for the creation operators. However, Proposition 14.61 
below provides an explicit formula relating the creation operators. In order to 
prove Proposition 14 .b( we begin with a technical lemma. 

Let m > 0. Define Q mfl to be the diagonal of S^ m ' m+1 ^ x S^ m ' m+1 l For n > 1, 
define Q m>n to be the closed subset of S^ m+n ' m+n+1 ^ x sK™+i] : 

On.n = {((£,£'), MO) I r^DV^, 

Supp(/ c // e ) = Supp (J^/Jf) = Swpp(I v /I v ')}. 

Note that Q m ,n has dimension (2m + n + 2), and contains exactly one irreducible 
component of dimension (2m + n + 2) whose generic elements are of the form: 

{(V + Z8,V + Q,(V,V + S)), sgSuppfa). (4.11) 

Lemma 4.5. 27je restriction oft n to H*(S^ m ' m+1 ^) is given by the cycle [Q m ,n]- 

Proof. Use induction on n. Note that Qm,i = Qm by definition. So the Lemma is 
trivially true when n = 0,1. Next, assume that n > 2 and the restriction of t n_1 
to H*(S^ m ' m+1 ^) is given by the cycle [Q m ,n-i]- Then we see that the restriction of 
p = tt n_1 to #*(£K™+i]) is given by the cycle 

W = 7Tl3* {^l 2 [Qm+n-l} 4 ^23 [Qm,n— 1 

] € A 2m+n+2 (H/') (4.12) 
where H 7 ' = 7r 13 (H / ) and the subset H^ is given by 

W — ^niQm+n-l) H TT^g (Q m>n _l). (4-13) 
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Any element ((£,£')> (^,^0, (VjV')) i n (|4.13|l must satisfy: 

£' D £ = 0' D D 7/ D m 
Supp(I^/%) = Supp(/ e // /) = Supp(/^// e ) = Supp^/I^) = {s} 

for some point s G S. We have the following decompositions: 

V = Vo + Vs, v' = Vo + v' s , = 7] + 6 S , 

0' = e = ^ + 6, = + 

where s ^ Supp(?7o) and r] s C r]' s C 9 S C t; s C (,' s . When £ := £(r] s ) > 1, the relation 
77^ C C, s imposes a nontrivial condition on the points 

((Vs,v' s ), (Zs,Q) e M« +1 (s) x M /w+n+ i(s). 

Hence the subset consisting of the images ((£,£')> (77,77')) °f those points 

((£,£'), (MO, MO) 

in (|4.13jl with £ = £(r] s ) > 1 has dimension at most 

2(m - £) + 2 + [£ + (n + £) - 1] = (2m + n + 1) 

which is less than the expected dimension (2m + n + 2). So the case £ > 1 does 
not contribute to the cycle w in (j4.12j) . When £ = 0, we have 

?7 = ?7o, 77' = i] + s, 9 = 770 + a , 

where s Supp(?7o) and 9 S C £ s C The images ((770 + 6s,?7o + 0> (^0,^0 + «)) 
form a subset of dimension (2m + n + 2) in 5 , [ m -+™- m -+™+ 1 l x 5 , [ m . m + 1 l. From the 
description ()4.1H) of the generic points in Q mtn , we conclude that 

w = c-[Q min } (4.14) 

where c is the intersection multiplicity of (|4.13|) along the generic points. 
To determine c, choose a primitive integral class A 6 //*(5 , [" vm+1 ]), i.e., 

2e iT(S [m ' m+11 ;Z)/Tor c J ff*(5 [m ' m+1] ). 

By (|4.14j) . t n (A) = cB for some integral class B. By Lemma [4.21 (i), we see that 

A= (-tt) n t n (I) = c(-V) n (B). 

Since A is primitive and (V) n (B) is an integral class, we must have c = 1. □ 

Proposition 4.6. Letn>0, aE H*(S), and A e H*(S [m+1] ). Then, 
{i) g* n a- n {a)\0) = n-t n - 1 p* o (a); 

(ii) g* m+n+1 a. n {a){A) = a^ n (a)(g* m+1 A) + n • t^ 1 (p* m+1 (a) • /* +1 (A)). 

Proof, (i) It suffices to prove the formula for a = I5. The cohomology class 
a_ n (ls)|0) is represented by the subscheme 

M n {S) := {£' e S [n] \ Supp(e') = {s} for some s G S}. 
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By the Lemma 2.4 in |ESj . 1/n ■ g*a_ n (ls)|0) is represented by the subscheme 

M n - lin {S) := {(£,£') e S^^\ Supp(e') = {*} for some s G 5}. 
By Lemma H3| t n_1 (l 5 [o,i]) is also represented by M n -i >n (S). Therefore, 

g:a. n (l s )\0)=n-t n - 1 pl(l s ). 
(ii) By the definitions ()2.3|) and (|3.4p . we obtain 

^ + n + ia-n(a)(A) = ^ +nil ^([Q [m+n+1 ' m+11 ]-p*«-P^), (4-15) 
cL»(a)^(A) = ^([g [m+nH ]-p*«-^ +1 (A)). (4.16) 
Let (7 = ld S [m+n,m+n+i] xS x g m +i and ft, = g m+n+ i x Ids X 5[m+i]: 

. g{m+n,m+n+l] x CJ* x g[m,m+l] ^ g[m+n,m+n+l] x CJ* x g[ra+l] 

^ . £<{m+n,m+n+l] x CJ* x g[ni+l] ^ ^[m+n+1] x CJ 1 x g[m+l] 

Let $ : S^ m+n ' m+n+ ^ x S x S^ n+1 ^ -> be the firgt pro j ect i on . By 

(|4.15jl and base change, we conclude that 

g* m+n+1 a- n (a)(A) = {p'^WQ^ 1 ^} • p*a ■ p* 2 A) 

= (pi)*(/i*[Q [m+ri+1 ' m+1] ] • (p o h)*a • (pa o ft)*A). (4.17) 
Similarly, using (|4. 16)1 . pi* — p^o g and the projection formula, we obtain 
cL„(a)<4+i(^) = (&) m g. ([Q^ m]] . g *( {p h y a . {p2 h y A y 

= {p'Mg*[Q [m+n ' m] } ■ (poh)*a- (p 2 oh)*A). (4.18) 

Next, we compare 

^[g[m+n + l,m+l|] and ^[g[m+n,m]]_ Let ^ be the closure of 

the subset of 5 , [ m +™. m + n + 1 l x S x S'[ m+1 ] consisting of all the elements of the form: 

f m m+1 \ m+1 

Si + & S Si + £ ' s ' £ Si 



i=l i=l J i=l 




where s x , . . . , s m +i, s 6 5 are distinct, and ^ G M n (s) is curvi-linear. Let U 2 be 
the closure of the subset of s^- m+n ' m+n+1 ^ x S x S^ m+ ^ consisting of all the elements: 

m+1 \ m+1 \ 

i=l / i=l / 

where si, . . . , s m +i, s G 5 are distinct, £' s G M n (s) is curvi-linear, and £ s C 
Note that general elements in M n (s) are curvi-linear. Moreover, since £' s G M n (s) 
is curvi-linear, ^ uniquely determines £ s with £ s C £' s . 
A typical element (£', s, 77') G i s: 

(Si + . . . + S m+ i + £' s , S, S\ + . . . + S m+ i) 

where si, . . . , s OT+1 , s G S are distinct, and G M„(s) is curvi-linear. Hence, 

/i*[g [m+n+1 ' m+1] ] = [Z7i] + n[Z7 2 ]. (4.20) 
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On the other hand, a typical element ((£, £'), s, (77, 7/)) G Q[m+n,m] j g Q f f orm: 

re m+1 \ / m m+1 

2 *i + C 5^ «i + £ I > s ' Si ' S Si 

,i=l i=l / \i=l i=l 

where si, . . . , s m +i, s £ 5 are distinct, and G M n (s) is curvi-linear. Hence, 

^[Q[m+n,m]] = [[/^ ( 4 . 2 1) 

Combining (|Q7jl . (jUHj) , iP^Tljl and flED}, we obtain 

(a) (A) - a_ n (a)c/^ +1 (A) 
= n-(pi).([^]-Co o ^)*a-(p2o/i)*A). (4.22) 
Let = Id 5 [m+n,m+n+i] x p m+ i x / m+1 be the morphism: 

0<[m+n,m+n+l\ ^ cr[m+l,m+2] ^ c[w+n,m+n+l] ^ c ^ 

From the descriptions (|4.11jl and (|4.19jl . we conclude that 

[U 2 ] = 4>*[Qm+l,n-l]- 

By f!4.22|) . the projection formula and Lemma f4. 51 we obtain 

{a){A) - a_ n {a)g* m+1 {A) 

= n ■ (p[ o \ [Q m+hn -i] ■ (p o h o <p)*a -(p 2 oho <p)*A ; 
= n ■ 7Ti* ([Q m+ i,„-i] • vr*(p^ +1 (a) • 

where tti and 7r 2 are the two projections of 5 , [ m +™. m +™+ 1 l x s^+i.^+s] _ □ 

5. Incidence Hilbert schemes and Lie algebras 

5.1. The main Theorem. With all the results obtained in previous sections, we 
are ready to formulate and prove the main theorem. 

Definition 5.1. (i) Define f)s to be the Heisenberg algebra generated by the op- 
erators On (a), n G Z, a G H*(S) and the identity operator Idg ; 
(ii) Define a Lie algebra structure on 

S ! )s = t)s®H*(S)®Ct 

by declaring 

[o(a),/3] = 0, bM = 0, ft 0(a)] = 0, M = (5-1) 
for operators o(a) G f)s and cohomology classes /3, 7 G H*(S). 

Theorem 5.2. T/ie space H5 zs a representation of the Lie algebra 53 s u>it/i a 
highest weight vector being the vacuum vector 

|0) = 1 5 G #°(S) = ^(S 10 ' 11 ) 

where Is denotes the fundamental cohomology class of S. 
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Proof. By Lemma \'S. 31 Proposition 13.51 Lemma f4. 21 (ii) and Proposition 14.31 we see 
that the space Ms is a representation of the Lie algebra Sjs 
Next, for each < i < 4, we fix a linear basis 

of H l (S). By Proposition 13.51 and the existence of the left inverse v of the operator 
t in Lemma f4. 21 (i), the following cohomology classes: 

i even i odd 

t n "-w^r* • n ^ J4 («Wir* ■ «w» ( 5 - 2 ) 

i even i odd 

are linearly independent, where < i, k < 4, < ji < bi(S), < jk < 
n i,ji > 0, m > 0, Tn-iji > for all the z and j,, and = or 1 for odd i. 
Since the bi-degrees of the operators t and a_ n (a) are (1,2) and (n, 2n — 2 + \a\) 
respectively, we conclude from (jl.lj) that cohomology classes in (|5.2j) form a linear 
basis of Ms- Therefore, the representation is the highest weight representation. □ 

Example 5.3. We express certain distinguished coholomogy classes by using (|5.2|) . 
First, consider the fundamental cohomology class of S^ n ' n+1 K For n > 0, let 

1-n = ^ Mis)", 1-n = ^7 &-l(l5)". (5.3) 

n! n! 

For convenience, we also put l_ n = and l_ n = when n < 0. Let l S [ n ] G if ^™') 
and l S [n, n +i] G -ff°(S'^' n+1 l) be the fundamental cohomology classes of and 
g[n,n+i] re sp ec tively. Then it is well-known that 

l sln] = l_ n |0) (5.4) 

where by abusing notations, we also let |0) G H°(S^) = C to stand for the 
cohomology class corresponding to the point 5 1 ' '. By Lemma f3.4| 

l sM = r n l sM = / n *l-„|0> = W o *|0> = i_ n |0>. (5.5) 

Next, let n > 1 and E n>n+ x be the exceptional divisor in 5 , ' n,n+1 l with respect to 
the blowing-up morphism S^ n,n+1 ^ — > x S, i.e., E Ujn+ i is given by 

E n ,n+1 = {(£,£') e SU PP (0 = Supp(0} • 

From the definition of the operator t, we see that [£1,2] = t|0). Assume n > 2. Let 
B n be the boundary divisor in the Hilbert scheme S^ n \ i.e., 

J B n = {^G5 M |#Supp(0<n-l}. 

Then, [B n ] = o_ 2 (l s )l_ (n _ 2) |0) and g* n+1 [B n+1 ] = f*[B n } + 2 [E n>n+1 ]. Thus, 

[E n , n+1 ] = - {g* n+1 [B n+1 ] - f*[B n ]) 

= \ K +1 a- 2 (ls)l-(.-i)|0)-a- 2 (l s )l-(n-2)|0)). 
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From Proposition 14.61 (ii). (|5.4|) and ()5.5|) . we conclude that 

[En,n+l] = ^ (a-2(ls)^_lls[n-l]+2t/*_ll S [n-l]-CL 2 (ls)l_( ft _ 2) |0)) 

= t(l S [n-l,n]) 

= tl- (n -i)|0). (5.6) 

5.2. Quasi-projective case. We make some comments for a smooth quasi- 
projective surface S. It has been proved in |LQ1| that Cheah's formula (jl.lj) 
holds for S = C 2 . However, it is unclear whether holds for an arbitrary 

quasi-projective surface S. In the following, we will bypass this issue by assuming 
that (jl.lj) holds for the quasi-projective surface S. 

Since the surface S is quasi-projective, some maps involved in the definition of 
the Heisenberg operators, which are proper in the projective case, are not proper 
anymore. Hence some modifications are needed. We follow Nakajima's treat- 
ment of this issue in his book |Na2| . The main remedy is to choose appropriate 
(co)homology theories so that the Heisenberg operators can still be defined. 

Since S is smooth, the Borel-Moore homology group H l /{S) is dual to H 4 ~ l {S). 
It follows that the morphism (|2.1(J|) induces an H 1 / (S')-module structure on: 

+oo 

Ms = 0F(S Km+l1 ). 

m=0 

For the creation operators o_ n (a), where n > 0, we take a to be a class in the 
Borel-Moore homology group H l J(S). For the annihilation operators a n (j3), where 
n > 0, we take j3 to be a class in the ordinary homology group H*(S). Once we 
have this set-up, the Heisenberg operators are well defined and the arguments in 
the previous sections are still valid. Note that H l J(S) and H*(S) are dual to each 
other. So we have the commutation relation as (|3.14j) . 

The translation operator t and its adjoint V can be defined as usual without any 
change since the projections from the subset Q m C S^ m+1 ' m+2 ^ x 5'["v m + 1 ] to both 
factors S^ m+1 ' m+ y and S^ m ' m+1 ^ are proper. 

In summary, with this set-up, we have the same statement as in Theorem 15. 21 on 
M.g. In |LQ1| , we have worked out this for S = C 2 in the equivariant setting. 

References 

[Chi] J. Cheah, Cellular decompositions for nested Hilbert schemes of points, Pac. J. Math. 
183 (1998), 39-90. 

[Ch2] J. Cheah, The virtual Hodge polynomials of nested Hilbert schemes and related vari- 
eties, Math. Z. 227 (1998), 479-504. 

[CG] K. Costello, I. Grojnowski, Hilbert schemes, Heche algebras and the Calogero- 
Sutherland system, math. AG/0310189 

[EQ] D. Edidin, Z. Qin, The Gromov-Witten and Donalds on- Thomas correspondence for 
trivial elliptic fibrations. Preprint. 

[ES] G. Ellingsrud, S.A. Str0mme, An intersection number for the punctual Hilbert scheme 

of a surface, Trans. Amer. Math. Soc. 350 (1999), 2547-2552. 



INCIDENCE HILBERT SCHEMES AND LIE ALGEBRAS 



25 



[Gotl] L. Gottsche, The Betti numbers of the Hilbert scheme of points on a smooth projective 
surface, Math. Ann. 286 (1990), 193-207. 

[Got 2] L. Gottsche, Hilbert schemes of points on surfaces, ICM 2002, vol. II, 483-494. 

[Gro] I. Grojnowski, Instantons and affine algebras I: the Hilbert scheme and vertex opera- 
tors, Math. Res. Lett. 3 (1996), 275-291. 

[KLQ] S. Katz, W.-P. Li, Z. Qin, On certain moduli spaces of ideal sheaves and Donaldson- 
Thomas invariants, Preprint. 

[Lehn] M. Lehn, Chern classes of tautological sheaves on Hilbert schemes of points on surfaces, 
Invent. Math. 136 (1999), 157-207. 

[LSI] M. Lehn, C. Sorger, Symmetric groups and the cup product on the cohomology of 
Hilbert schemes, Duke Math. J. 110 (2001), 345-357. 

[LS2] M. Lehn, C. Sorger, The cup product of the Hilbert scheme for K3 surfaces, Invent. 
Math. 152 No. 2 (2003), 305-329. 

[LQ1] W.-P. Li, Z. Qin, Equivariant cohomology of incidence Hilbert schemes and loop alge- 
bras. Preprint. 

[LQ2] W.-P. Li, Z. Qin, Donalds on- Thomas theory and infinite dimensional Lie algebras. In 
preparation. 

[LQW1] W.-P. Li, Z. Qin, W. Wang, Generators for the cohomology ring of Hilbert schemes of 

points on surfaces, Intern. Math. Res. Notices 20 (2001), 1057-1074. 
[LQW2] W.-P. Li, Z. Qin, W. Wang, Vertex algebras and the cohomology ring structure of 

Hilbert schemes of points on surfaces, Math. Ann. 324 (2002), 105-133. 
[LQW3] W.-P. Li, Z. Qin, W. Wang, Stability of the cohomology rings of Hilbert schemes of 

points on surfaces, J. reine angew. Math. 554 (2003), 217-234. 
[LQW4] W.-P. Li, Z. Qin, W. Wang, Ideals of the cohomology rings of Hilbert schemes and 

their applications, Trans, of the AMS 356 (2004), 245-265. 
[LQW5] W.-P. Li, Z. Qin, W. Wang, Hilbert schemes, integrable hierarchies, and Gromov- 

Witten theory, Intern. Math. Res. Notices. 40 2004, 2085-2104. 
[Marl] E. Markman, Generators of the cohomology ring of moduli spaces of sheaves on sym- 

plectic surfaces, J. reine angew. Math. 544 (2002), 61-82. 
[Mar2] E. Markman, Integral generators for the cohomology ring of moduli spaces of sheaves 

over Poisson surfaces, Adv. Math, (to appear). 
[MNOP1] D. Maulik, N. Nekrasov, A. Okounkov, R. Pandharipande, Gromov-Witten theory and 

Donalds on- Thomas theory, Preprint. 
[MNOP2] D. Maulik, N. Nekrasov, A. Okounkov, R. Pandharipande, Gromov-Witten theory and 

Donalds on- Thomas theory, II, Preprint. 
[Nal] H. Nakajima, Heisenberg algebra and Hilbert schemes of points on projective surfaces, 

Ann. Math. 145 (1997) 379-388. 
[Na2] H. Nakajima, Lectures on Hilbert schemes of points on surfaces, Univ. Lect. Ser. 18, 

Amer. Math. Soc. (1999). 
[OP] A. Okounkov, R. Pandharipande, Quantum cohomology of the Hilbert schemes of points 

in the plane, |math.AG/0411210| 
[QW1] Z. Qin, W. Wang, Hilbert schemes and symmetric products: a dictionary, In: A. 

Adem et al. (eds.), Proceedings for Mathematical Aspects of Orbifold String Theory, 

Madision, Wisoncin, May 2001, Contemp. Math. 310 (2002), 233-257. 
[QW2] Z. Qin, W. Wang, Hilbert schemes of points on the minimal resolution and soliton 

equations. Contemp. Math, (to appear). 
[Vas] E. Vasserot, Sur I'anneau de cohomologie du schma de Hilbert de C 2 , C. R. Acad. Sci. 

Paris Sr. I Math. 332, no.l (2001), 7-12. 



20 



WEI-PING LI AND ZHENBO QIN 



Department of Mathematics, HKUST, Clear Water Bay, Kowloon, Hong Kong 
E-mail address: mawpli@ust.hk 

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA 
E-mail address: zq@math.missouri.edu 



